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We analyze a similar scheme for producing light-mediated entanglement between atomic ensem-
bles, as first realized by Julsgaard, Kozhekin and Polzik [Nature 413, 400 (2001)]. In the standard
approach to modeling the scheme, a Holstein-Primakoff approximation is made, where the atomic
ensembles are treated as bosonic modes, and is only valid for short interaction times. In this paper,
we solve the time evolution without this approximation, which extends the region of validity of the
interaction time. For short entangling times, we find this produces a state with similar character-
istics as a two-mode squeezed state, in agreement with standard predictions. For long entangling
times, the state evolves into a non-Gaussian form, and the two-mode squeezed state characteris-
tics start to diminish. This is attributed to more exotic types of entangled states being generated.
We characterize the states by examining the Fock state probability distributions, Husimi Q dis-
tributions, and non-local entanglement between the ensembles. We compare and connect several
quantities obtained using the Holstein-Primakoff approach and our exact time evolution methods.
PACS numbers: 03.75.Pp, 03.75.Be, 03.67.Bg, 03.67.Mn
I. INTRODUCTION
Quantum phenomena are typically associated with the
microscopic world where delicate quantum states are
thought to be impossible to generate for all but the small-
est number of particles. In the last few decades, macro-
scopic systems have been created in which large number
of particles behave quantum mechanically. Some remark-
able examples which have been achieved experimentally
are cantilevers being in superposition of oscillation modes
[1], non-classical state generation and teleportation of
macroscopic atomic ensembles [2–5]. On the other hand
it is well-known that macroscopic quantum systems of-
ten suffer from decoherence exponentially with particle
number [6, 7] and the quantum mechanical properties
of the state can only be sustained for very short times.
This apparent inconsistency is resolved by understand-
ing that decoherence is a state-dependent process. Some
states such as Schrodinger cat states are highly suscep-
tible to decoherence, while coherent states are relatively
robust. By using quantum states which are less affected
by decoherence, this gives the possibility of realistically
realizing macroscopic states that can be used for various
applications such as quantum metrology and quantum
information [8–15].
Currently, the types of states used in large ensemble
states fall under two basic categories, continuous variable
(CV) [16, 17] or discrete quantum states. CV has been
extensively used to model entanglement and teleporta-
tion using degrees of freedom analogous to quadratures
of light, and has been extremely successful in demon-
strating entanglement generation and teleportation be-
tween multiple ensembles [2, 4]. Here the transversal
spin operators, normally (Jz and Jy) of a Jx polarized
spin ensemble are treated as canonical position and mo-
mentum quadratures of the quantum harmonic oscillator.
Deviations from the polarized state on the Bloch sphere,
are mapped onto position and momentum variables ac-
cording to the Holstein-Primakoff (HP) approximation
x = Jy/
√
2N and p = Jz/
√
2N , where N is the particle
number. The approximation as a single quantum har-
monic oscillator mode is accurate as long as the quantum
states is close to the original Jx polarization (Fig. 1(b)).
However, for states that deviate from near the Jx polar-
ization the approximation breaks down and the full spin
degrees of freedom must be considered (Fig. 1(c)). We
call such a regime where the HP approximation can no
longer be used the ”beyond-CV” regime, as a correct de-
scription must involve keeping track of spin, rather than
mode operators.
In experiments such as Ref. [2], the type of entan-
gled state is a two-mode squeezed state under the HP
approximation. In this experiment, described schemati-
cally in Fig. 1(a), the entanglement is generated by let-
ting two polarization modes of a laser interact with two
atomic ensembles via the ac Stark shift [18–21]. A pair of
measurements is then made on the light after interfering
the modes. While it is well-established that the proce-
dure creates two-mode squeezed states in the ensembles,
given that the ensembles are not genuine quantum har-
monic oscillator modes, a question remains of what hap-
pens in the light-matter interaction is strong enough such
that the HP approximation breaks down. This question
2Figure 1. (a) Schematic of the entanglement process. A two-
mode coherent light pulse |ξ〉 is sent through two atomic en-
sembles of cold atoms initially in coherent spin states po-
larized in opposing Jx directions, entangling the two ensem-
bles and light. The light modes are then interfered via a
beamsplitter after passing through a polarizing beam split-
ter (PBS), with measured photon numbers nc and nd in each
mode. (b) (c) The Bloch sphere representation for a state
(b) well-approximated and (c) beyond the Holstein-Primakoff
(HP) approximation for spin states. The HP approximation
maps a region around a polarized spin on the Bloch sphere
into a flat phase space. For large deviations from the polarized
ground state, the mapping become increasingly inaccurate.
is particularly relevant as recently several experiments
have reported the generation of non-Gaussian spin en-
semble states [5, 22–26]. For our purposes we define non-
Gaussian states as those with quasiprobability distribu-
tions (i.e. the Wigner or Husimi Q-distribution) that
cannot be described by a Gaussian form. An important
question in this context is: what are the characteristics
of the states that are generated by the scheme of Fig.
1(a) in the beyond-CV regime?
In this paper, we investigate the quantum states cre-
ated by a similar protocol to that introduced in Ref. [2]
but without using the HP approximation. The proce-
dure is described in Fig. 1(a), where initially atom-light-
atom entanglement is created due to an ac Stark shift
interaction. The HP approximation restricts the region
of validity to only short interaction times between the
atoms and the light. Using our exact time evolution tech-
niques, this allows us to consider long interaction times
which can produce states that requires one to use the
full spin formalism. The light is then measured, which
produces atom-atom entanglement. We analyze the re-
sultant state by examiing the probability distributions,
Husimi Q-distributions, and entanglement.
This paper is structured as follows. In Sec. II we first
review the standard approach using the HP approxima-
tion, and derive a procedure that maps between quantum
states on the atomic ensembles and the approximated
mode representation. In Sec. III we construct a the-
ory of measurement induced entanglement for the scheme
shown in Fig. 1(a). Our theory of entanglement genera-
tion between two atomic ensembles works in the regime
where the HP approximation no longer is valid. In Sec.
IV, we obtain approximate expressions by analytic meth-
ods to find the relation between the two-mode squeezed
state and the qubit entangled state. In Sec. V we plot
the probability density and Husimi Q-distributions [27] of
the entangled state. In doing so, we reveal the properties
of the entangled state in the beyond-CV regime, where it
differs significantly from a two-mode squeezed state. In
Sec. VI we analyze the atomic entangled state in terms
of the entanglement generation between the ensembles.
We finally give our conclusions in Sec. VII.
II. CONTINUOUS VARIABLE APPROACH TO
LIGHT MEDIATED ATOMIC ENSEMBLE
ENTANGLEMENT
We now review the standard approach of describing
atomic ensemble entanglement based on the technique as
described in Refs. [2, 18, 20, 28, 29]. The approach is
based on making a HP approximation to the spin vari-
ables of the ensembles, and results in two-mode squeezing
interaction. After describing the general framework and
results of this approach, we describe what this approxi-
mation means in terms of the atomic states such that the
approach can be compared to our methods introduced in
later sections.
A. Standard continuous variables approach
In this section we review the standard theoretical ap-
proach of atomic ensemble entanglement based on the HP
approximation. In this approach, the discrete collective
spin operators are mapped to the continuous canonical
position and momentum operators of the harmonic oscil-
lator with unit mass,
x =
Jy√
2N
, p =
Jz√
2N
, (1)
which obey the usual commutation relation [x, p] = i.
This approximation maps a part of the Bloch sphere
around the polarized spin vector in which deviations are
discrete into the flat phase space of continuous variables,
seen in Fig. 1(b). Intuitively it is clear that this ap-
proximation only is valid when the angular deviation is
small, as for larger deviations the mapping become in-
creasingly unsatisfactory, as seen (exaggerated) in Fig.
1(c). In this framework, an entangled state is modeled
as a two-mode squeezed state in which the variance of
the total position and relative momentum tend to zero
with increased squeezing. The atom-light interaction in
the scheme described in Fig. 1 creates a time evolution in
3which the states of light and matter are entangled, and a
measurement of one reveals information about the other.
In this scheme, an interaction Hamiltonian of the form
H = gSz(Jz1 + J
z
2 )
is used, where Sz is the Stokes operator describing a light
source and Jz are the atomic Schwinger boson operators
describing the atomic systems. Using the same mapping
as in Eq. (1) for both the atomic and photonic operators,
we define the canonical continuous variable operators as
xat, pat and xph, pph respectively. As the laser pulse
passes through the atomic samples, the photonic opera-
tors evolve according to Heisenberg’s equation of motion,
~
dxph
dt
= ig[pph(pat,1 + pat,2), xph] = g(pat,1 + pat,2),
~
dpph
dt
= ig[pph(pat,1 + pat,2), pph] = 0.
(2)
Assuming the operators remain stationary in time for the
duration of the experiment, we get the output modes by
simple integration as,
xph(t) ≈ xph(0) + gt
~
(
pat,1(0) + pat,2(0)
)
, (3)
pph(t) ≈ pph(0). (4)
Similarly, the atomic operators evolve as [18, 20]
xat,1(t) ≈ xat,1(0) + gt
~
pph(0), (5)
xat,2(t) ≈ xat,2(0)− gt
~
pph(0), (6)
pat,1(t) ≈ pat,1(0), (7)
pat,2(t) ≈ pat,2(0). (8)
After the evolution a measurement of xph is performed,
it is measured and collapses to a constant. According to
(3) and the fact that
pat,1(t) + pat,2(t) = pat,1(0) + pat,2(0) (9)
from (7) and (8) this means that the quantity pat,1(t) +
pat,2(t) also collapses to a constant, provided xph(0) is
small and the dimensionless interaction parameter gt/~
is large. This means that the variance of pat,1(t)+pat,2(t)
is small, which results in correlations between these ob-
servables. Meanwhile, from (5) and (6) we have
xat,1(t) + xat,2(t) = xat,1(0) + xat,2(0) (10)
which means that the correlations between pat,1(t) and
pat,2(t) can be produced without changing the correla-
tions between xat,1(t) and xat,2(t).
The procedure is then repeated again but in a different
basis in order to generate the correlations between xat,1
and xat,2. The two atomic systems are rotated around the
the Jx-axis, which transforms the canonical operators for
the first system as xat,1 → −pat,1 and pat,1 → xat,1, while
the second system is rotated in the opposite direction,
xat,2 → pat,2, and pat,2 → −xat,2. A second measurement
of the light field, xph under the same conditions as before
fixes the quantity xat,2 − xat,1 to a constant, and gives
a small variance. Similiarly to Eqs. (5)-(8) the evolved
quantities pat,1+ pat,2 and xat,2− xat,1 remain conserved
through the procedure.
B. Mapping between atomic spin states and the
HP approximated mode representation
In the continuous variable approximation, one of the
total spin operators Jx is set to a constant and the other
two operators Jy, Jz are treated as approximate posi-
tion and momentum variables. Typically the effect of
the atom and light interaction is derived in the Heisen-
berg picture where it is relatively simple to derive the
entanglement. In this section we describe what this ap-
proximation means in the Schrodinger picture, which will
be the framework that will be used in our analysis in fol-
lowing sections. We deduce the mapping between the
original spin and HP approximated bosonic mode Fock
states.
First let us write the total spin operators in terms of
bosonic modes, which are conventionally defined as
Jx = a†b+ b†a
Jy = −ia†b+ ib†a
Jz = a†a− b†b. (11)
These obey commutation relations [J l, Jm] = 2iǫlmnJ
n
where ǫlmn is the Levi-Civita antisymmetric tensor.
Here, a† and b† denote the creation operators for two
hyperfine levels of the atoms in each of the ensembles la-
beled by j. These operators obey bosonic commutation
relations [a, a†] = [b, b†] = 1. To explicitly observe the
HP approximation in terms of bosonic modes, we make
a SU(2) transformation
a =
1√
2
(ax − ibx),
b =
1√
2
(ax + ibx),
(12)
which transforms the spin operators as
Jx = a†xax − b†xbx
Jy = a†xbx + b
†
xax
Jz = −ia†xbx + ib†xax. (13)
The HP approximation requires that we are in the vicin-
ity of a fully Jx polarized state, which is
|Jx = −N〉 = 1√
N !
(b†x)
N |0〉. (14)
4Due to the macroscopic population of the bx state, we
may take this mode to be a constant bx ∼
√
N . We thus
have
Jx ≈ a†xax −N
Jy ≈
√
N(ax + a
†
x) =
√
2Nx
Jz ≈
√
N(−iax + ia†x) = −
√
2Np. (15)
where the position and momentum operators are x =
(ax + a
†
x)/
√
2 and p = (ax − a†x)/
√
2i [17]. We thus see
that the HP approximation amounts to setting macro-
scopically occupied mode to a constant, and treating the
remaining mode quantum mechanically.
Given a particular quantum state, we may then trans-
form between the original spin representation and the
HP approximated state in the following way. Consider
an arbitrary state of the spin ensemble
|ψ〉 =
∑
k
ψk|k〉 (16)
where
|k〉 = (a
†)k(b†)(N−k)√
k!(N − k)! |0〉 (17)
are the Fock states for the spins. According to the above
procedure, we must set the bx mode to a constant, hence
we must first make a change of basis to the Jx Fock states
defined as
|kx〉 = (a
†
x)
k(b†x)
(N−k)√
k!(N − k)! |0〉. (18)
The state is then written
|ψ〉 =
∑
kx
ψ′kx |kx〉 (19)
where ψ′kx =
∑
k〈kx|k〉ψk. The matrix elements 〈kx|k〉
are calculated according to Refs. [30, 31]. Setting bx =√
N in (18) results in an unnormalized state, hence we
make the association
|kx〉 (spins)↔ |kph〉 ≡ 1√
k!
(a†x)
k|0〉 (mode). (20)
We may thus say that the spin Fock states in the Jx basis
are the bosonic mode Fock states in the HP approxima-
tion.
III. THEORY OF LIGHT MEDIATED ATOMIC
ENSEMBLE ENTANGLEMENT
In this section we introduce our approach of deriving
the ensemble-ensemble entanglement in the Schrodinger
picture. As shown in Fig. 1(a), linearly polarized coher-
ent light illuminates two ensembles, each in a coherent
spin state. A beam splitter then interferes the light, af-
ter which the photons are measured. As described in Sec.
II A, the entanglement procedure makes use of two suc-
cessive measurements of the light field, with the atomic
ensembles rotated in between in order to infer correlation
in both the Jz and Jy directions. As the two procedures
are identical up to a basis rotation, we restrict our analy-
sis to one of the measurements, which will prove to have
rich dynamics as the system is evolved beyond the HP
approximation.
The initial state of light is polarized in the Sx-
direction, which is a superposition of left and right cir-
cularly polarized light. The initial quantum state of the
light can thus be written
|ψlight(t = 0)〉 = |ξ〉 = e−
|ξ|2
2 exp
[ ξ√
2
(c† + d†)
]
|0〉 (21)
where ξ is the amplitude of the light, and c†, d† are the
creation operators for left and right hand circularly po-
larized light. The Stokes operators are defined as
Sx = c†d+ d†c
Sy = −ic†d+ id†c
Sz = c†c− d†d. (22)
The initial state of light has the expectation value 〈Sx〉 =
|ξ|2 but is zero for 〈Sy,z〉 = 0.
For the atomic ensembles, the initial state is
|ψatoms(t = 0)〉 = |π
2
, 0〉〉1|π
2
, π〉〉2 (23)
where we have defined the coherent spin states as
|θ, φ〉〉j =
Nj∏
n=1
(
cos
(
θ
2
) |aj〉n + sin ( θ2) eiφ|bj〉n) . (24)
Here |a〉n, |b〉n denote the two hyperfine states of the nth
atom in the ensemble, and θ and φ are two arbitrary an-
gles on the Bloch sphere, 0 < θ < π, 0 < φ < 2π. The
index j = 1, 2 labels the two ensembles, and Nj is the
number of atoms in each ensemble. In our calculations,
it will be convenient to work with the bosonic formula-
tion of coherent spin states, which is valid as long as the
wavefunction in the ensemble is symmetric under parti-
cle interchange. This will be always true in our case, as
the Hamiltonian used to evolve the system and the ini-
tial states are symmetric. The spin coherent state in the
bosonic formulation is written
|θ, φ〉〉j = 1√
N !
(cos
(
θ
2
)
a†j + sin
(
θ
2
)
eiφb†j)
Nj |0〉. (25)
where the bosonic operators aj , bj are defined as in Sec.
II B, with the additional j = 1, 2 labels for each ensemble.
We note that in Ref. [2] in fact the ground state of the
underlying atoms is a F = 4 state, and our case above
would strictly speaking correspond to F = 1/2. While
5these may appear different, another way to view each en-
semble is that it is a macroscopic spin with total spin
J = N , where all the underlying spins are symmetric un-
der particle interchange. In this picture the constituent
particles making up the macroscopic spin become irrel-
evant to the dynamics as long we make observations in
the total spin variable. In this sense our results should
be also valid for any F making up the ensemble.
With the use of the spin operators we model the in-
teraction between the two atomic ensembles as a non-
linear quantum non-destructive (QND) Hamiltonian of
the form [32–34]
H = gSz(Jz1 + J
z
2 ), (26)
where g is the interaction parameter resulting from the
ac Stark shift coupling. In terms of physical parameters,
this is given by g = σγαv
A(I+ 1
2
)∆
where σ is the resonant
absorption cross section for an unpolarized photon on an
unpolarized atom, A is the cross section area of the light
beam, γ the spontaneous emission rate from the upper
atomic level, αv the vector polarizability and I the value
of the nuclear spin [18]. The interaction is considered to
be a QND if [H,Sz] = 0, which is satisfied in our case.
We evolve the system in time by applying the unitary
time evolution operator U = exp(−itH/~) which yields,
with the dimensionless entanglement time τ = gt/~,
|Ψ(τ)〉 = exp(−itH/~)|ψatoms(t = 0)〉|ψlight(t = 0)〉
=
1√
2(N1+N2)
∑
k1,k2
√
Ck1N1C
k2
N2
(−1)k2
× e−iτ(2k1+2k2−(N1+N2))(c†c−d†d)|k1, k2〉|ξ〉 (27)
where we have expanded the atomic states in the Jzi
eigenbasis. The light component of this can be eval-
uated by noting that a number operator on a state
causes a coherent state to pick up a phase eiθc
†ceξc
† |0〉 =
exp[ξeiθc†]|0〉. This shifts the phase of the optical state
with a value dependent on the Jzj eigenstate. Now the
light and atoms become entangled, giving
|Ψ(τ)〉 = e
− |ξ|2
2√
2(N1+N2)
∑
k1,k2
√
Ck1N1C
k2
N2
(−1)k2
× exp
[ ξ√
2
(
e−iτ(2k1+2k2−(N1+N2))c†
+ eiτ(2k1+2k2−(N1+N2))d†
)]|k1, k2〉|0〉. (28)
The phases picked up by the interaction are now inter-
fered using a using a 50:50 beam splitter after the light
pulse has passed through the two atomic ensembles. The
beam splitter transforms the photonic operators as
c† =
1√
2
(c′† + id′†)
d† = − 1√
2
(ic′† + d′†), (29)
which yields
|Ψ(τ)〉 = e
− |ξ|2
2√
2(N1+N2)
∑
k1,k2
√
Ck1N1C
k2
N2
(−1)k2 |k1, k2〉
× exp
[
− ξe ipi4 i sin(x+ π
4
)c′† + ξe
ipi
4 i cos(x +
π
4
)d′†
]
|0〉
(30)
where x = τ(2k1 + 2k2 − (N1 + N2)). The last step
is to project the above state on the photonic number
states |nc, nd〉, with measurement outcomes nc and nd
respectively. We note here that depending on whether a
photon resolving measurement is made, nc and nd may or
may not be explicitly known. Regardless of whether this
is known, we shall see that entanglement will be produced
between the atomic ensembles, on a shot-to-shot level.
The state after projecting on the photonic number
states is
|Ψ(τ)〉 = 1√N
1√
2(N1+N2)
∑
k1,k2
√
Ck1N1C
k2
N2
(−1)k2
×Ancnd(k1, k2)|k1, k2〉 (31)
where
Ancnd(k1, k2) =
e−
|ξ|2
2 ξnc+nd√
nc!
√
nd!
× sinnc(τ(2k1 + 2k2 − (N1 +N2)) + π
4
)
× cosnd(τ(2k1 + 2k2 − (N1 +N2)) + π
4
),
(32)
and
N = 1
2(N1+N2)
∑
k1,k2
Ck1N1C
k2
N2
A2ncnd(k1, k2) (33)
is a normalization factor as a measurement of the light
component was made, and irrelevant global phase factors
were dropped. Eq. (31) is the core result of this paper,
the latter sections are devoted to examining its proper-
ties. For zero interaction time τ = 0, Anc,nd(k1, k2) is
constant in k1 and k2 and the state of the atoms are
unaffected by the measurement. Evolving in τ gives en-
tanglement between the two ensembles due to the corre-
lations in Anc,nd(k1, k2). In the next section we analyze
this function to see what kind of correlations are present
due to the atom-light interaction.
IV. ANALYTIC APPROXIMATION OF
PROBABILITY DENSITIES
As Eq. (31) is the wavefunction after the interaction
with the light, in principle it is possible to derive all phys-
ical quantities based on this. However, due to the com-
plicated nature of the coefficient Ancnd(k1, k2) it is not
entirely obvious what kind of entangled state this is and
6hence it is beneficial to make some analytical approxi-
mations. For small light-ensemble interaction times, we
expect the atomic entangled state to behave like a two-
mode squeezed state, as the HP approach should be a
good approximation in this regime. First, the binomial
coefficient can with good approximation be treated as
Gaussian when N ≫ 1,
CkN
2N
≈
√
2
Nπ
exp[− 1
2N
(2k −N)2]. (34)
Secondly, using Stirling approximation we may write for
Np ≫ 1 the combination of the binomial and trigonomet-
ric functions as a Gaussian function [35],
CncNp cos
2nc(x +
π
4
) sin2Np−2nc(x+
π
4
)
≈ 2| cos(2x)| exp
[
− 2Np
cos2(2x)
(2nc −Np
2Np
−1
2
| sin(2x)|
)2]
(35)
with x = 2τ(k1 + k2 − N). Here, the measured photon
numbers in each mode are nc and nd and thus the total
photon number is nc + nd = Np. The maximum of the
Gaussian occurs at
sin[4τ(k1 + k2 −N)] = 2nc −Np
Np
, (36)
which has in general multiple solutions for k1, k2, due to
the oscillatory nature of the sine function. As the beam
splitter in Fig. 1(a) is a 50:50 beam splitter, on average
we expect that the number of photons in each detector is
equal nc ≈ nd ≈ Np/2. Restricting our analysis to small
times τ ∼ 1/N , we may linearize the trigonometric func-
tions around x≪ 1, and obtain the simplified expression
for the probability distribution,
p(k1, k2) ∝ exp
(
−2N
[(
2k1 −N
2N
)2
+
(
2k2 −N
2N
)2])
× exp
(
− 8Npτ2(k1 + k2 −N)2
)
. (37)
The first factor in this expression states that atom Fock
states occur with averages 〈k1,2〉 = N/2 and with stan-
dard deviation
√
N/2. This is the same distribution as
the original spin coherent states (23) that the atoms are
initially prepared in. The second factor gives a corre-
lation between the two atomic modes which results in
entanglement. The strength of the correlation is depen-
dent on the square of the dimensionless entanglement
time and the number of photons in the interaction.
To confirm our analytical prediction, we numerically
plot the probability distribution of the wavefunction in
Eq. (31) for different entanglement times in Fig. 2.
When τ = 0, there is no correlation between the two
modes and the probability distribution is a Gaussian dis-
tribution centered around k1 = k2 = N/2. Evolving the
interaction to times of order τ ∼ 1/N , the state devel-
ops correlations between Fock states of the ensembles,
in agreement with (37). This state should be consis-
tent with a two-mode squeezed state, according to the
arguments of Sec. II A. To verify this, let us write the
wavefunction of the two-mode squeezed state
|TMS (mode)〉 =
√
1− tanh2(r)
∞∑
n=0
tanhn(r)|n〉|n〉
(38)
where the |n〉 are bosonic mode Fock states. To compare
the probability distributions of the states, we employ the
mapping procedure as discussed in Sec. II B, where the
mode Fock states are mapped back onto the spin Fock
states in the Jx basis. We thus expect that the two-
mode squeezed state has a state in terms of the spin
states according to
|TMS (spin)〉 = 1√NTMS
N∑
kx=0
tanhkx(r)|kx〉|kx〉
=
1√NTMS
N∑
kx,k1,k2=0
tanhkx(r)〈k1|kx〉〈k2|kx〉|k1〉|k2〉
(39)
where we have restricted the sum to N as now these
are now Fock states for the spins, and NTMS is a suitable
normalization constant. In the limit N ≫ 1, it is possible
to evaluate the sum over k analytically (see Appendix),
and we obtain
p(k1, k2) ∝
exp
(
−2Ne−2r
[(
2k1 −N
2N
)2
+
(
2k2 −N
2N
)2])
× exp
(
−2 sinh(2r)
N
(k1 + k2 −N)2
)
(40)
We see an immediate similarity of the mapped two-
mode squeezed state probability distribution to (37). As
with the case of the atomic entangled state, there is a
Gaussian envelope from the first exponential factor with
〈k1,2〉 = N/2 and standard deviation
√
N/2. The second
exponential induces a correlation between the two modes
k1 and k2 with squeezing parameter r. Increasing the
squeezing parameter r causes the coefficient of the sec-
ond Gaussian sinh(2r) to increase exponentially, narrow-
ing the distribution in the direction k1−k2−N = 0 while
extending it in the opposite direction. Atomic ensembles
have a fixed atom number which restricts the range of
k1,2, while bosonic modes do not have this restriction.
This means that the mode Fock state occupation proba-
bility extends to infinity for the HP approximated case.
Inspecting the two probability density functions, we can
infer a relation between the entanglement time τ and the
squeezing parameter,
4NpNτ
2 ↔ sinh(2r). (41)
7pi
8
0
Figure 2. Probability densities of the light mediated atomic
entangled state, using Eq. (31) and the approximations in
Eq. (34) and (35), for various interaction times τ . Parameters
used are (a) τ = 0, (b) τ = 1/N , (c) τ = 1/2
√
N , (d) τ = pi/8.
Parameters used are N = 20, nc = nd = 10.
For small squeezing r ≪ 1, we may approximate
sinh(2r) ≈ 2r, hence we obtain 2NpNτ2 ↔ r in this
regime. In Fig. 2 and Fig. 3 we compare the probabil-
ities of the atomic states (31) after the interaction with
the light with the mapped two-mode squeezed state. We
see in general good agreement between the two distri-
butions, with the expected correlations developing with
squeezing parameter r.
Further increasing the entanglement time τ , the Fock
state correlations become stronger, which the distribu-
tion narrowing as would be expected of (37). For inter-
action times of order τ ∼ 1, multiple probability distri-
bution peaks appear indicating non-Gaussian behavior
(Fig. 2(c)(d)), due to the periodicity of the trigonomet-
ric functions in (36). The boundary between the linear
regime where only one and many correlation peaks oc-
curs is the time τ ∼ 1/√N , where weak secondary peaks
start to appear in Fig. 2(c). The corresponding exact
probability distribution is shown in Fig. 4(a), showing
good agreement to Fig. 2(c) After these times the two
probability distributions diverge, and the atomic entan-
gled state entangles k-states other than k1 + k2 = N ,
which is apparent from Fig. 2(c)(d). These correlations
beyond the primary peak emerge when there are more
than one solution for the maximum of (35). The multi-
ple peaks signal the breakdown of the HP approximation,
where the correlations cannot be treated linearly.
One difference between the approximated distribution
and the atomic entangled state is that probability distri-
r = 0 r = 0.44 
r = 1.15 r = 2.4
Figure 3. Probability densities for the mapped two-mode
squeezed state, Eq. (40). Squeezing parameters used are (a)
r = 0, (b) r = 0.44, (c) r = 1.15, (d) r = 2.40 and N = 20.
butions of the former tend to broaden as the number cor-
relations become stronger, while the latter distributions
stay within a fixed envelope. This occurs because in the
infinitely squeezed limit the mapped two-mode squeezed
state (39) is
|TMS (spin r →∞)〉 = 1√
N + 1
N∑
kx=0
|kx〉|kx〉
=
1√
N + 1
N∑
k=0
|k〉|k〉. (42)
The probability distribution is thus a perfectly Fock num-
ber correlated state with a uniform distribution from
k = 0 to N . Such a state never truly occurs in the atomic
ensemble wavefunction, due to the development of mul-
tiple correlation peaks within a finite envelope probabil-
ity. The closest distribution to this would be that shown
in Fig. 2(b), where there is one correlation peak and
the times are still within the HP approximated regime.
From (41) we can estimate the maximum squeezing that
is possible
sinh(2rmax) ≈ 2Np
N
. (43)
This suggests that it is advantageous to use very bright
light in comparison to the ensemble particle number in
order to achieve a high squeezing. We note that (43)
should be viewed as a theoretical upper bound to the
squeezing and in practice there will be other factors such
8Figure 4. Exact probability density for the atomic en-
tangled state, using Eq. (31), for entanglement times (a)
τ = 1
2
√
N
, (b) τ = pi
8
. The latter entanglement time result
in a Schrodinger cat state. Parameters used are N = 20,
nc = nd = 10
as decoherence which will reduce the maximum possible
squeezing further.
At even longer times, the lines become increasingly
dense until τ = pi8 , where the probability becomes a
checkerboard pattern, where every second k-state has a
non-zero probability, as seen in Fig. 4. Inserting this
time, τ = pi8 into (31), while assuming nc = nd, a sum
of trigonometric functions, with m = k1 + k2 −N + 1 is
obtained,
|Ψ〉 ∝ 1
2N
∑
k1,k2
√
Ck1N C
k2
N sin
nc
(mπ
4
)
cosnd
(mπ
4
)|k1, k2〉
=
1
2nc
1
2N
∑
k1,k2
√
Ck1N C
k2
N cos
nc
(mπ
2
)|k1, k2〉.
(44)
Depending on the parity of nc, this evaluates in two dif-
ferent ways. For even nc, cos
nc
(
mpi
2
)
= 12 (1 + (−1)m),
while for odd nc, cos
nc
(
mpi
2
)
= 12 (i
m + (−i)m). We then
have, for odd nc,
|Ψ〉 ∝ 1
2nc
1
2N
∑
k1,k2
√
Ck1N C
k2
N
1
2
(im + (−i)m)|k1, k2〉
=
i−N+1
2
1
2N
∑
k1,k2
√
Ck1N C
k2
N i
k1(−i)k2 |k1, k2〉
+
i−N+1
2
1
2N
∑
k1,k2
√
Ck1N C
k2
N (−i)k1 ik2 |k1, k2〉.
(45)
Dropping overall constant factors and using Eq. (24),
we can identify the sums as coherent spin states at dis-
tinct positions on the Bloch sphere. The odd state then
becomes
|Ψ〉 ∝ |π
2
,−π
2
〉〉|π
2
,−π
2
〉〉+ |π
2
,
π
2
〉〉|π
2
,
π
2
〉〉, (46)
while the case for even nc results in a similar state,
|Ψ〉 ∝ |π
2
, 0〉〉|π
2
, 0〉〉+ |π
2
, π〉〉|π
2
, π〉〉. (47)
Now we see that for this particular time, assuming the
measured photon numbers in each mode are equal, we
obtain Bell states consisting of states at opposite sides
of the Bloch sphere. Since the superposition of states in-
volves spin coherent states at opposite sides of the Bloch
sphere, we call the states (46) and (47) ”Schrodinger cat-
Bell states”. However, the axis in which the states are
polarized depends on the parity of the nc. For odd val-
ues, the state end up in ±Jy, while for even numbers,
the direction is switched to ±Jx. A similar form of en-
tangled states was obtained for a pure Jz1J
z
2 interaction
in Ref. [8]. At a time τ = pi4 the atomic states become
disentangled again, and the states are unchanged from
the initial state |ψatoms(t = 0)〉.
V. HUSIMI Q-DISTRIBUTIONS
In the previous section we saw that the light medi-
ated entanglement produced a state with a probability
distribution consistent with a two-mode squeezed state
for small interaction times, and a more complex correla-
tion structure for longer times. In order to understand
the nature of the correlations we analyze the atomic en-
tangled state in terms of coherent spin state Husimi Q-
distributions, defined as
Q(θ1, φ1, θ2, φ2) =
1
π2
|〈〈θ1, φ1|〈〈θ2, φ2|Ψ〉|2. (48)
As the state that we wish to analyze has two ensembles,
the Q-function has four degrees of freedom θ1, φ1, θ2, φ2,
and cannot be visualized directly. For this reason we
consider the marginal and joint Q-functions, where one
of the ensembles is traced over in the former case, and the
conditional distribution is examined in the latter. The
resulting Q-distributions then become a function of two
variables which can be visualized.
A. Marginal Q-functions
The marginal Q-function is obtained by tracing out
one of the ensembles of the atomic entangled state
ρ1 = Tr2(|Ψ〉〈Ψ|) =
∑
k2
|〈k2|Ψ〉|2, (49)
and finding the overlap with coherent spin states as de-
fined in (25). We obtain
Q(θ1, φ1) =
1
π
〈〈θ1, φ1|ρ1|θ1, φ1〉〉
=
1
π4N
∑
k2
Ck2N
×
∣∣∣∑
k1
Ck1N e
iφ(N−k1) cosk1( θ2 ) sin
N−k1( θ2 )A(k1, k2)
∣∣∣2.
(50)
In Fig. 5 we see the behavior of the marginal Q-function
for different interaction times. The Q-function starts as
9Figure 5. Marginal Q-distributions for the entangled state,
Eq. (50), at various entanglement times τ . (a) τ = 1/N ,
(b) τ = 1/2
√
N , (c) τ = 1/
√
N , (d) τ = pi/8. In all plots,
the atomic particle number N = 20, and measured photon
numbers nc = nd = 10
a symmetric Gaussian at τ = 0, as the initial state is
simply a coherent spin state and is independent of the
second ensemble [10]
Q(θ1, φ1) ≈ 1
π
exp
(
−N(θ1 − π/2)
2
4
− Nφ
2
1
4
)
. (51)
For short times τ = 1/N , the Q-function starts to
broaden in the φ direction, due to the Jz1 + J
z
2 Hamil-
tonian which rotates the spins around the z axis of the
Bloch sphere. The partial trace has the effect of collaps-
ing all the various terms in the entangled state, creating
a broadening effect, in a similar way to Ref. [8]. Up until
the characteristic time τ . 1/
√
N , the coherent states
are all distributed around the original point in the Bloch
sphere to a high degree, due to the fact that A(k1, k2) in
(32) varies little for different k in the sum. Further evolv-
ing in τ creates Gaussians centered at different positions
around the equator of the Bloch sphere, in analogy to
that seen in Ref. [8]. At τ = π/8 there are two Gaussian
distributions at φ = 0, π and θ = π/2, which we attribute
to the Schrodinger cat entangled state (47). Finally the
Q-functions are periodic in time τ = π/4, as would be
expected from (25).
Let us now compare the Q-functions to a genuine two-
mode squeezed state to see the degree of agreement. The
marginal Q-function (in the space of bosonic modes) of
the two-mode squeezed state is
Q(α) =
1
π
〈α|ρTMS1 |α〉 (52)
where the coherent state is
|α〉 = e−|α|
2
2
∑
n
αn√
n!
|n〉 (53)
and
ρTMS1 = Tr1(|TMS (mode)〉〈TMS (mode)|)
= (1− tanh2(r))
∞∑
n=0
tanh2n(r)|n〉〈n|. (54)
This gives the Q-function
Q(α) =
(1− tanh2(r))
π
e−|α|
2(1−tanh2(r)), (55)
which is a Gaussian function of radius∼ 1/(1−tanh2(r)).
We compare this by applying the spin-mode mapping
from section II B to calculate the Q-function (for bosonic
modes) of the mapped atomic entangled state. The first
step of the mapping is to transform the state into the Jx
basis, giving
|Ψ(τ)〉 = 1
2N
∑
k1k2kx1
√
Ck1N C
k2
N A(k1, k2)(−1)k2〈kx1 |k1〉|kx1 〉|k2〉.
(56)
We then interpret the |kx〉 states to be the bosonic mode
Fock state, which allows us to evaluate the Q-function to
be
Q(α) =
1
π4N
e−|α|
2
×
∑
k2
∣∣∣ ∑
kx
1
k1
√
Ck1N C
k2
N A(k1, k2)〈kx1 |k1〉
αk
x
1√
kx1 !
∣∣∣2. (57)
This distribution is defined in the phase space of bosonic
modes as a function of the complex parameter α.
The comparison between the two distributions is shown
in Fig. 6. We see that for the genuine two-mode squeezed
state, the marginal Q-distribution always remains a sym-
metric Gaussian, with its radius increasing with squeez-
ing parameter r. The reason for this behavior can be seen
from the density matrix (54) which shows that the state
is a completely mixed state in the mode Fock states. For
r = 0, the state is a vacuum state, and smoothly evolves
towards a mixed state involving all mode Fock state num-
bers. In contrast, the dominant behavior of the atomic
entangled state is to broaden along the equator, but not
in the longitudinal direction. This is as expected as in
our expression (31) we only perform the first entangling
step producing correlations in the φ direction but not θ.
A second measurement would produce the correlations in
the θ direction, with a corresponding broadening in this
direction. The spin and mode Q-functions show a gen-
eral similarity (Figs. 5(a)(b) and 6(a)(b)), particularly
in the short time region where the HP approximation is
valid.
B. Ensemble-ensemble correlations
One of the most striking features of the two-mode
squeezed state is the presence of non-local correlations
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Figure 6. (a)(b) Marginal Q-distributions (for bosonic modes)
for the transformed entangled state, Eq. (57), at various en-
tanglement times (a) τ = 1/N , (b) τ = 1/2
√
N for parti-
cle number N = 20. (c)(d) Comparison with Q-functions
for a genuine two-mode squeezed state for the marginal Q-
distributions, Eq. (54), with parameters (c) r = 1.0 (d)
r = 2.0.
between the ensembles, make it useful for tasks such as
quantum teleportation. For an infinitely squeezed two-
mode squeezed state (42), projecting on a |k〉 or |kx〉
state on one mode collapses the other mode into the same
state. In this section we examine the correlations be-
tween the modes due to the entangling procedure, and
compare them to a genuine two-mode squeezing opera-
tion.
First let us analyze what is expected for the Q-function
of a genuine two-mode squeezed state. Evaluating the Q-
function (for bosonic modes) with respect to (38) gives
Q(α1, α2) =
1− tanh2(r)
π2
× e− tanh(r)|α1−α∗2 |2e−(1−tanh(r))(|α1|2+|α2|2).
(58)
In the limit of strong squeezing r → ∞, we have
tanh(r) → 1, and only the first exponential factor is
present. If we now set α2 to a constant and consider
the Q-distribution on mode 1, we observe that it is cen-
tered around α∗2. In terms of position and momentum,
this corresponds to
x1 = Re(α1) = Re(α
∗
2) = x2
p1 = Im(α1) = Im(α
∗
2) = −p2, (59)
i.e., the positions are correlated and momenta are anti-
correlated. For finite squeezing, the additional Gaussian
factor in (58) suppresses the correlation, and the relations
(59) tend to saturate at finite values (see Fig. 7(a)(b)).
With this in mind, let us examine the Q-functions of
the atomic entangled states. We first examine the spin
Q-functions, calculating the overlap of the state with re-
spect to coherent spin states (48), for which we obtain
Q(θ1, φ1, θ2, φ2) =
=
1
π4N
∣∣∣ ∑
k2,k1
cos
(θ1
2
)k1
eiφ1(N−k1) cos
(θ2
2
)k2
eiφ2(N−k2)
sin
(θ1
2
)N−k1
sin
(θ2
2
)N−k2
Ck1N C
k2
N A(k1, k2)
∣∣∣2. (60)
The a entangling times are shown in Fig. 7(c)(d)(e)(f),
for various choices of interaction times τ and coherent
spin state positions θ2, φ2. We choose the coherent state
centers on ensemble 2 according to where the marginal
distributions have a significant probability. Choosing
θ2, φ2 that are outside the marginal distribution corre-
sponds to very low probability events, giving distribu-
tions that are more difficult to interpret. In Fig. 7(c),
we choose a coherent state center displaced along the
equator in the positive direction. We see that as ex-
pected the coherent spin state follows the chosen angle
φ2 by the same amount. This is the same behavior as
would be expected of a two-mode squeezed state. In Fig.
7(d), we vary the polar angle θ2 instead. For small times
τ = 1/N , we see that the distributions shows a weak anit-
correlation in the angle. The anti-correlation is weaker
than in the φ direction, and does not preserve the sym-
metrical nature of the Q-function. This is again due to
the fact that we only include the first measurement in our
analysis, which produces the correlations in the φ direc-
tion. It is however interesting that a despite not putting
in the correlation at all, some anti-correlation is present.
For longer times τ = 1/
√
N , the θ correlation becomes
weaker, although the φ correlation remains in place.
To better quantify the correlation and anti-correlation
between the two ensembles, we take the spin expecta-
tion values on ensemble 1 after projecting a coherent spin
state on ensemble 2. Denoting the projector on the sec-
ond ensemble as P (θ2, φ2) = |θ2, φ2〉〉〈〈θ2, φ2|, the expec-
tation values are calculated as
〈Jy,z1 (θ2, φ2)〉 =
〈Ψ|Jy,z1 P (θ2, φ2)|Ψ〉
〈Ψ|P (θ2, φ2)|Ψ〉 , (61)
where we require a normalization of the state as a projec-
tion is being made. We obtain expressions for the average
spins as
〈Jz1 (θ2, φ2)〉 =
1
4NNθφ
∑
k1,k2,k′2
Ck1N C
k2
N C
k′
2
N (N − 2k1)
× eiφ(k′2−k2)A(k1, k2)A(k1, k′2) cosk2+k
′
2( θ2 ) sin
2N−k2−k′2( θ2 ),
(62)
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Figure 7. (a)(b) Joint Q-functions (58) for a genuine two-
mode squeezed state with finite squeezing r = 1.0. The sec-
ond mode is projected on the coherence states centered at
positions (a) α2 = 4 and (b) α2 = 4i. (c)(d)(e)(f) Joint
Q-distributions for the entangled atomic state Eq. (60), for
various point on the Bloch sphere as defined by the po-
lar angle θ and the azimuthal angle φ, and entanglement
time τ : (c) τ = 1/N , θ2 =
pi
2
, φ2 = 1.0, (d) τ = 1/N ,
θ2 =
pi
4
, φ2 = 0, (e) τ = 1/2
√
N , θ2 =
pi
2
, φ2 = 1.0, (f)
τ = 1/2
√
N , θ2 =
pi
4
, φ2 = 0. The number of particles in each
ensemble is N = 20. The position of the projected state on
the second ensemble/mode are shown with the white dotted
circle.
and
〈Jy1 (θ2, φ2)〉 =
1
Nθφ
∑
k1,k2,k′2
Ck2N C
k′
2
N
√
Ck1N A(k1, k2)
×
[
i
√
(N − k1)(k1 + 1)
√
Ck1+1N A(k1 + 1, k
′
2)
− i
√
k1(N − k1 + 1)
√
Ck1−1N A(k1 − 1, k′2)
]
× cosk2+k′2( θ2 )eiφ(k
′
2
−k2) sin2N−k2−k
′
2( θ2 ), (63)
where Nθφ is the normalization factor, common for both
expectation values,
Nθφ = 〈Ψ|P (θ2, φ2)|Ψ〉
=
1
2N
∑
k1,k2,k′2
Ck1N C
k2
N C
k′
2
N A(k1, k2)A(k1, k
′
2)
× cosk2+k′2( θ2 )eiφ(k
′
2
−k2) sin2N−k2−k
′
2( θ2 ). (64)
The expectation values are shown in Fig. 8 for two
different entanglement times, τ = 1N and τ =
1
2
√
N
. In
a b
Figure 8. Expectation values 〈Jz1 〉 and 〈Jy1 〉 as functions of (a)
θ, with fixed φ = 0 and (b) φ with fixed θ = pi/2, for different
entanglement times, τ = 1/N and τ = 1/2
√
N . Dashed lines
correspond to the expectation values using the HP approxi-
mation. 〈Jy
1
〉 as function of θ and 〈Jz1 〉 as function of φ are
equal to zero for all entanglement times. Parameters used are
N = 20 throughout.
Fig. 8(b) we show the correlation with φ2. As expected
we see a positive correlation between the coherent spin
state φ2 and the average spin 〈Jy1 〉. According to (59),
for a genuine two-mode squeezed state we should observe
under the HP approximation, Eq. (1),
〈Jy1 〉 = 〈Jy2 〉 = N sin θ2 sinφ2
〈Jz1 〉 = −〈Jz2 〉 = −N cos θ2, (65)
where the expectation value involves the projection
P (θ2, φ2). For both the interaction times, the 〈Jy1 〉 ex-
pectations follow the expected sine curve. The 〈Jz1 〉 = 0
indicating that the state remains on the equator of the
Bloch sphere at all times. The longer times start to de-
viate from the genuine two-mode squeezed state, due to
the non-Gaussian characteristics that are developing in
the state. For the θ correlations (see Fig. 8(a)), we see
the anti-correlations are generally weaker as expected.
While in the genuine CV regime one would not expect to
see correlations at all (as only the first measurement is in-
cluded), we nevertheless see a positive slope in which an
increase in θ from the ground state θ = pi2 , corresponding
to a negative change in the mapped momentum opera-
tor, p results in a positive expectation value. The anti-
correlations diminish with larger interaction times, hence
is generally a weaker effect. Similarly to the φ correla-
tions, the 〈Jy〉 is equal to zero for all entanglement times,
indicating there is no correlation with φ, as expected.
VI. ENTANGLEMENT
In the previous section, we showed that as the inter-
action times grow longer, the states evolve into complex
states with non-Gaussian properties. For small interac-
tion times the state has the characteristics of a two-mode
squeezed state, but for longer times the state deviates
from this and the expected correlations degrade. One
may be tempted to conclude from this observation that
entanglement is degrading in the system. This is in fact
untrue as the two-mode squeezing interaction is only an
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approximation at short times, and at longer times the
entangling scheme produces a different type of entangle-
ment at longer times. Due to the large number of degrees
of freedom in an ensemble, it is possible to have many dif-
ferent types of entangled state, which are not necessarily
simply described as a two-mode squeezed state. This is
a similar situation to Ref. [8], where the system evolves
according to a Jz1J
z
2 interaction, and a variety of different
types of entangled states are produced.
To show this explicitly, we plot the entanglement as
quantified by the von Neumann entropy
E = −ρ1 log2 ρ1 (66)
where the density matrix is given in (49). The results are
shown in Fig. 9. We see that the entanglement shows a
remarkably complex behavior with large dips at certain
times. In Fig. 9(a) the measured photon numbers are
equal, and the entanglement is symmetric around the
characteristic time τ = π/8. For N = 1 (i.e. a single
atom in each ensemble) we see that we recover maxi-
mal entanglement at τ = π/8, where the state has the
form of a Bell state. The saturation of the entanglement
at around half the maximal entanglement is exactly the
same behavior as that seen in Ref. [8], which arose due to
the binomial factors present in the wavefunction, which
is also present in our case (31). The binomial factors cre-
ate an uneven superposition of states which only involve
spin Fock states that are centered around k1, k2 = N/2
with width ∼ O(√N). We attribute the saturation here
to the same origin. We also plot the entanglement of an
ideal two-mode squeezed state (39), using the mapping
(41) to convert the squeezing parameter r to interaction
time. For the ideal two-mode squeezed state, the entan-
glement increases towards a maximally entangled state,
as can be directly seen from (39) where there is an equal
superposition of pairs of spin Fock states. Such a state is
never attained in our protocol due to the binomial factors
as discussed above.
As the measured photon numbers are changed, we see
in Fig. 9(b) that the entanglement follows overall the
similar behavior, but different amplitudes of the dips in
the entanglement. As the change in photon numbers does
not change the arguments in Eq. (32), the dips appear
at the same times. This behavior is remarkably similar
of the fractal ”devil’s crevasse” entanglement produced
by a Jz1J
z
2 interaction [8]. Although in this case the in-
teraction is not precisely the same, the Hamiltonian (26)
shares the same form and we attribute the similar entan-
glement to similar resonances of coherent state as seen in
Ref. [8]. The complex structure of dips in the entangle-
ment occur only after the characteristic time τ = 1/2
√
N .
Prior to this time there is a monotonic increase of the en-
tanglement, with little variation on the photon number
outcomes. We thus expect that for times τ > 1/2
√
N
there will be a strong dependence of the state on the
obtained photon number. Statistical averaging of states
at this time will likely produce states with lower purity,
which will degrade the entanglement, if no postselection
TMS TMS
a b
Figure 9. Entanglement as quantified by the von Neumann
entropy of the atomic entangled state. Measurement out-
comes of the photon fields (a) nc = nd = 50, (b) nc = 40,
nd = 60 are used when the particle number is N = 100. The
entanglement in the two-mode squeezed state (39) labeled by
TMS is shown for comparison. The single qubit case has
nc = nd = 1.
is used. In contrast, for earlier times τ < 1/2
√
N , there
should be less dependence on the photon number. In the
limit of very short interaction times τ ∼ 1/N the scheme
reduces that to the CV approximated case, which should
have very little photon number dependence to the en-
tangled state that is created. Such a behavior is consis-
tent with the results found in Ref. [8], where the states
where robust in the presence of decoherence for entan-
gling times in the region τ ∼ 1/N , but sensitive for longer
times τ ∼ O(1). The crossover between decoherence ro-
bust and sensitive regimes occurred at times τ ∼ 1/√N ,
which is consistent with the results we observe here.
VII. SUMMARY AND CONCLUSION
We have presented a model and analyzed the quantum
state for the light-mediated entangling procedure as de-
scribed in Refs. [2, 18–21] with the modification that we
restrict us to modeling interaction in one direction. The
main benefit of our approach as compared to previous
theoretical descriptions is that it does not make the HP
approximation, where one of the spin degrees of freedom
is treated as a c-number. This allows us to investigate
the beyond-CV regime, where the state starts to develop
non-Gaussian characteristics. We have investigated this
state from the point of view of the Fock number prob-
ability distributions, the marginal and joint Q-function
distributions, and entanglement between the ensembles.
From the simulations we find that the entangled state
behaves like a two-mode squeezed state for short entan-
glement times of τ ∼ 1/N . Further evolving in time,
new behavior is seen where the entangled coherent spin
states become non-Gaussian in the marginal Q-function
and wrap around the equator of the Bloch sphere. As
the system enters the non-Gaussian regime, the correla-
tions tend to degrade, where the simple CV correlations
between coherent states breaks down. Additionally, we
have found an analytical relation between the squeezing
parameter when using the HP approximation and the en-
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tanglement time of the atomic entangled state, which al-
lows us to compare the genuine two-mode squeezed state
to the atomic state. This gives a theoretical maximum
squeezing that is possible, defined as where the HP ap-
proximation starts to break down.
The diminishing of the two-mode squeezed correlations
is not due to additional effects such as decoherence enter-
ing in the calculation – our calculations do not take these
into account and thus may be considered to be the “ideal”
behavior. This is evident by looking at the entanglement
between the ensembles as shown in Fig. 9. In fact, the
regime where the HP approximation is valid τ ∼ 1/N in
fact relatively has small amounts of entanglement com-
pared to longer interaction times. Thus entanglement is
certainly present at all times, but it is not a two-mode
squeezed state, but a more complex type. Due to the
large number of degrees of freedom of an ensemble, there
are many different types of entanglement that are possi-
ble, in addition to a two-mode squeezed state. These have
a non-Gaussian nature, as shown by the Q-functions, and
potentially have large amounts of entanglement in them.
At particular times such as τ = π/8 it is possible to write
exactly as an entangled Schrodinger cat-Bell states (46)
and (47). Such deviations from the HP approximation
can also potentially occur in other experimental config-
urations than those considered here, for example those
in Refs. [36, 37] where two-mode squeezed states are in-
duced by atomic interactions between hyperfine states.
The degree of deviation depends upon the degree of de-
population of the mode which is treated classically.
In this paper we did not include the effects of deco-
herence, as we found that the pure state properties are
already rather rich, and have not been analyzed fully to
our knowledge. In a realistic setting, the main sources of
decoherence would be photon and atomic losses, which
we expect to degrade the entanglement as observed in
Ref. [8]. If the same behavior is observed as the
Jz1J
z
2 interaction, then for times τ > 1/
√
N decoher-
ence effects are greatly enhanced due to the generation of
Schrodinger cat-like states, which are known to be highly
susceptible to decoherence. This scenario is quite likely
due to the similar nature of the interaction Hamiltonian
H ∝ Sz(Jz1+Jz2 ). This suggests that there is a window of
interaction times 1/N . τ . 1/
√
N which is beyond the
CV regime and shows non-Gaussian characteristics, yet
is still stable under decoherence. One requirement would
be that the entanglement state between the atoms would
be relatively invariant to the photon counting outcomes
nc, nd. To our knowledge this has yet to be observed ex-
perimentally, and would display rich physics with poten-
tial applications to quantum metrology and computing
[9, 10, 22, 23].
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Appendix A: Derivation of two-mode squeezed
probability distribution
Here we explain how the probability distribution of
(39) can be evaluated to (40). In the region where the
system is strongly polarized, near the extreme values
k = 0, N , the transformation elements 〈kx|k〉 can be
well approximated as harmonic oscillator functions, as
described in Ref. [38],
〈kx|k〉 ≈ Ψm(x) = (−1)me−x2/2Hm(x). (A1)
In this transformation, m = N2 − |N2 − kx|, x1,2 =
− 1√
2N
(2k1,2 − N) and Hm(x) is the mth Hermite poly-
nomial. Armed with this we change basis from kx to k,
and obtain,
|TMS (mode)〉 ∝
∑
k1k2kx
λkx〈k1|kx〉〈k2|kx〉|k1〉|k2〉
=
√
1− λ2
∑
k1k2kx
λkxΨm(x1)Ψm(x2)|k1, k2〉
(A2)
where λ = tanh(r). Using the completeness relation for
Hermite functions, the sum over kx can be expressed in
terms of Mehler kernels [39], which states that
∞∑
m=0
λmΨm(x1)Ψm(x1) =
1√
π(1 − λ2)
× exp
[
− 1− λ
1 + λ
(x1 + x2)
2
4
− 1 + λ
1− λ
(x1 − x2)2
4
]
. (A3)
Using the above definitions for x1 and x2, and denot-
ing α = 1−λ1+λ = e
−2r, the two-mode squeezed state
probability density in number representation, p(k1, k2) =
|〈k1|〈k2|TMS (mode)〉|2 can be expressed in terms of
Gaussian functions,
p(k1, k2) ∝ exp
[
−α (2k1 + 2k2 − 2N)
2
4N
− (2k1 − 2k2)
2
4Nα
]
,
(A4)
which after rearranging gives
p(k1, k2) ∝ exp
[
− α
2N
(
(2k1 −N)2 + (2k2 −N)2
)
+
1
N
(
1
α
− α)(k1 + k2 −N)2
]
.
(A5)
Some elementary manipulations give (40).
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